Imaginary highest-weight representation theory and symmetric functions by Wilson, Benjamin J.
ar
X
iv
:m
at
h/
07
02
85
5v
1 
 [m
ath
.R
T]
  2
8 F
eb
 20
07
IMAGINARY HIGHEST-WEIGHT REPRESENTATION THEORY AND
SYMMETRIC FUNCTIONS
BENJAMIN J. WILSON
Abstract. Affine Lie algebras admit non-classical highest-weight theories through alterna-
tive partitions of the root system. Although significant inroads have been made, much of the
classical machinery is inapplicable in this broader context, and some fundamental questions
remain unanswered. In particular, the structure of the reducible objects in non-classical
theories has not yet been fully understood. This question is addressed here for affine sl(2),
which has a unique non-classical highest-weight theory, termed “imaginary”. The reducible
Verma modules in the imaginary theory possess an infinite descending series, with all factors
isomorphic to a certain canonically associated module, the structure of which depends upon
the highest weight. If the highest weight is non-zero, then this factor module is irreducible,
and conversely. This paper examines the degeneracy of the factor module of highest-weight
zero. The intricate structure of this module is understood via a realization in terms of the
symmetric functions. The realization permits the description of a family of singular (critical)
vectors, and the classification of the irreducible subquotients. The irreducible subquotients
are characterized as those modules with an action given in terms of exponential functions,
in the sense of Billig and Zhao.
1. Overview
Let k denote a field of characteristic zero and let g denote an affine Kac-Moody Lie algebra
over k. Write h ⊂ g for the Cartan subalgebra and ∆ ⊂ h∗ for the root system. Denote by
gφ the root space associated to any root φ ∈ ∆. So
g = (⊕φ∈∆gφ)⊕ h, adh|gφ = φ(h), h ∈ h, φ ∈ ∆.
A g-module V is called weight if the action of h upon V is diagonalizable. That is,
V = ⊕λ∈h∗Vλ, h|Vλ = λ(h), h ∈ h, λ ∈ h
∗.
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1.1. Highest-weight theories for affine Lie algebras. The notion of a highest-weight
module for g depends upon the partition of the root system. A subset P ⊂ ∆ is called a
partition of the root system if both
i. P is closed under root space addition, i. e. if φ, ψ ∈ P and φ+ψ ∈ ∆, then φ+ψ ∈ P;
ii. P ∩ −P = ∅ and P ∪ −P = ∆.
If ∆+(pi) denotes the set of positive roots with respect to some basis pi ⊂ ∆ of the root system,
then P = ∆+(pi) is an example of a partition. A partition P defines a decomposition of the
Lie algebra g as a direct sum of subalgebras
g = N− ⊕ h⊕N+, where N+ = ⊕φ∈Pgφ, N− = ⊕φ∈Pg−φ.
A weight g-module V is of highest-weight λ ∈ h∗ with respect to the partition P if there
exists v ∈ Vλ such that
U(g) · v = V, and N+ · v = 0.
Thus the choice of partition P defines a theory of highest-weight modules. A highest-weight
theory defined by the set of all positive roots P = ∆+(pi) with respect to some basis pi of the
root system is called classical. Let W denote the Weyl group associated to the root system ∆.
Two partitions are equivalent if they are conjugate under the action of W×{±1 }. Equivalent
partitions define similar highest-weight theories. All partitions of the root system of a finite-
dimensional semisimple complex Lie algebra are classical, and hence equivalent. In contrast,
it has been shown by Jakobsen and Kac [7] and by Futorny [4], that there are finitely many,
but never one, inequivalent partitions of the root system of an affine Lie algebra. Highest-
weight theories defined by inequivalent partitions are remarkably dissimilar (cf. subsection
1.2). Thus any affine Lie algebra has multiple distinct highest-weight theories.
1.2. Imaginary highest-weight theory for affine sl(2). There is precisely one non-
classical partition, the imaginary partition, of the root system of affine sl(2). The associated
imaginary highest-weight theory has been pioneered by Futorny in [5], [6]. These works pro-
vide an almost complete understanding of the universal objects of the theory, the imaginary
Verma modules.
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Let sl(2) = span
k
{ e, f, h } with the Lie bracket relations
[e, f ] = h, [h, e] = 2e, [h, f ] = −2f,
and Killing form 〈·, ·〉, given by
〈h, h〉 = 2, 〈e, f〉 = 1, 〈e, e〉 = 〈f, f〉 = 〈h, e〉 = 〈h, f〉 = 0.
Let g denote the affinization of sl(2):
(1.1) g = sl(2)⊗k k[t
±1]⊕ kc⊕ kd,
with Lie bracket relations (writing x(k) for x⊗ tk ∈ sl(2)⊗ k[t±1]):
[x(k), y(l) ] = [x, y ](k + l) + kδk,−l〈x, y〉c, [c, g ] = 0,
[d, x(k) ] = kx(k), x, y ∈ sl(2), k, l ∈ Z.
The Cartan subalgebra h ⊂ g is given by
h = span { h(0), c, d} .
Let α, δ ∈ h∗ be such that
α(h(0)) = 2, α(c) = 0, α(d) = 0,
δ(h(0)) = 0, δ(c) = 0, δ(d) = 1.
Then ∆ = {±α + iδ | i ∈ Z }∪{ iδ | i ∈ Z, i 6= 0 }. The imaginary partition P ⊂ ∆ is given
by
P = {α+ iδ | i ∈ Z } ∪ { iδ | i ∈ Z, i > 0 } .
Thus the associated subalgebras N+,N− of g are given by
N+ = [⊕j∈Zke(j)] ⊕ [⊕j>0kh(j)], N− = [⊕j∈Zkf(j)] ⊕ [⊕j<0kh(j)].
All subsequent reference to a highest-weight module for g is with respect to the imaginary
partition P. Let λ ∈ h∗, and consider the one-dimensional vector space kvλ as an (h⊕N+)-
module via
N+ · vλ = 0, h · vλ = λ(h)vλ, h ∈ h.
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Let V(λ) denote the induced g-module:
V(λ) = Indgh⊕N+ kvλ.
The g-module V(λ) is the universal highest-weight g-module of highest-weight λ, and so is
called an imaginary Verma module.
Theorem. [5] Let λ ∈ h∗. Then:
i. If λ(c) 6= 0, then V(λ) is irreducible.
ii. Suppose that λ(c) = 0. Then V(λ) has an infinite descending series of submodules
V(λ) = V 0 ⊃ V 1 ⊃ V 2 ⊃ · · ·
such that any factor V i/V i+1, i > 0, is isomorphic to the quotient of g-modules
M(λ) = V(λ) / 〈h(j)⊗ vλ | j < 0 〉,
up to a shift in the δ weight-decomposition. Moreover, if λ(h(0)) 6= 0, then M(λ) is
irreducible.
The value λ(d) of the action of d on the generating vector is immaterial to the structure of
the imaginary Verma module V(λ). Hence the Theorem 1.2 provides an almost complete
description of the structure of the imaginary Verma modules for g, lacking only a statement
about the imaginary Verma module of highest-weight zero. Part (ii) of the Theorem mo-
tivates a study of V(0) through its canonically associated and infinitely occurrent quotient
M(0). This paper is an extensive study of the degeneracy of M(0).
Henceforth, g denotes the (unextended) loop algebra of sl(2),
g = sl(2)⊗k k[t
±1],
with Lie bracket relations
[x(k), y(l) ] = [x, y ](k + l), x, y ∈ sl(2), k, l ∈ Z.
and Cartan subalgebra h = kh(0). Degree in the indeterminate t endows g with a Z-grading.
Let
E = ⊕j∈Zke(j), H = ⊕j∈Zkh(j), F = ⊕j∈Zkf(j),
4
so that g = E ⊕ H ⊕ F as a sum of graded abelian subalgebras. All modules carry a
compatible grading. The g-module M(0) may be defined by
M(0) = Indg
H ⊕E ku0, where H ⊕ E · u0 = 0.
For any weight g-module N , write
N = ⊕λ∈kNλ, h(0)|Nλ = −2λ, λ ∈ k,
for the decomposition of N into eigenspaces for the operator h(0). An h(0)-eigenspace Nλ of
N is called a layer of N , and the eigenspace decomposition is called the layer decomposition
of N . The layers of N may be considered as modules for the subalgebra H . A component
of N is a graded component of some layer. The g-module M(0) has layer decomposition
(cf. Corollary 2.4)
M(0) = ⊕n>0M(0)n.
Write Mn for the layer M(0)n, n > 0.
1.3. Layers and symmetric functions. The H -module structures of the layers Mn play
a large part in the structural description of the g-module M(0). The H -modules Mn have
remarkable realizations in terms of the symmetric functions. For any positive integer n, let
An = k[z
±1
1 , . . . , z
±1
n ]
Sym(n)
denote the k-algebra of symmetric Laurent polynomials in the n indeterminates z1, . . . , zn.
It is shown in section 3 that the layer Mn may be considered as a graded An-module in
such a way that the action of H upon Mn factors through an epimorphism of algebras
U(H ) ։ An (cf. Theorem 3.8). Therefore, it is sufficient to consider the layer Mn as a
graded An-module. Moreover, it is shown that as a graded An-module, the layer Mn is
isomorphic to the graded regular module for An (cf. Theorem 3.9). Thus, in particular, the
H -module structure ofMn may be understood via the graded algebraAn. The classification
of the irreducible quotients of the algebra An, and the construction of singular vectors of
M(0), together permit the classification of the irreducible subquotients of the g-module
M(0).
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1.4. Singular vectors. An element v ∈ M(0) is singular if E · v = 0. If the layer Mn
contains a non-zero singular vector, then the g-module M(0) has submodule beginning on
the layer n, and so the question of the existence of singular vectors is of principal interest.
A family of singular vectors is constructed on each layer Mn in section 4. For any positive
integer n, let
Ωn =
∏
16i<j6n
(zi − zj)
2 ∈ An.
In the theory of symmetric functions, the function Ωn appears both as the square of the
Vandermonde determinant, and as the discriminant function for degree-n polynomials.
Theorem. Let n be a positive integer. Then
i. All elements of the H -submodule Ωn ·Mn are singular.
ii. The space Ωn ·Mn is spanned by singular vectors of the form
w(χ) =
∑
σ∈Sym(n)
sgn(σ)
∏
16i6n
f(χi + σ(i))u0
where χ ∈ Zn and u0 denotes the generator of M(0).
Conjecture. Let n be a positive integer, and suppose that v ∈ Mn is singular. Then
v ∈ Ωn ·Mn.
The results of the present paper do not depend upon the truth of this conjecture.
1.5. Irreducible quotients of the layers Mn. In section 5, the symmetric function real-
ization is employed to classify the irreducible quotients of the H -moduleMn. Let ϕ : Z→ k
denote any function, and define
(1.2) ϕ˜ : U(H )→ k[t±1], ϕ˜ : h(k) 7→ ϕ(k)tk, k ∈ Z.
Then ϕ˜ is a homomorphism of graded algebras. Write W(ϕ) for im ϕ˜ considered as an H -
module via ϕ˜. If k is algebraically closed and uncountable (e. g. k = C), then all irreducible
H -modules may be constructed in this way (cf. [3]). For any non-negative integer n, let
Expn denote the collection of all maps ϕ : Z→ k such that
ϕ(k) = −2
n∑
i=1
αki , k ∈ Z,
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for some α1, . . . , αn ∈ k all non-zero. For example,
Exp0 = { 0 } , Exp1 = {ϕ : Z → k | ϕ(k) = −2α
k for some α ∈ k, α 6= 0 } .
Let Exp = ∪n>0Expn.
Theorem. For any non-negative integer n and ϕ ∈ Expn, the H -module W(ϕ) is an
irreducible quotient of the H -module Mn. Moreover, if k is algebraically closed, then any
irreducible quotient of the H -module Mn is of the form W(ϕ) for some ϕ ∈ Expn.
1.6. Irreducible subquotients of the g-module M(0). A g-module Q is a subquotient
of a g-module M if there exists a chain of g-modules
M ⊃ N ⊃ P
such that N/P ∼= Q. In section 6, the preceding results are employed to classify the ir-
reducible subquotients of the g-module M(0). Associate to any weight H -module Λ an
induced g-module
V(Λ) = Indg
H ⊕E Λ where E · Λ = 0.
The g-module V(Λ) has a unique maximal submodule that has trivial intersection with Λ.
Denote by L(Λ) the corresponding quotient of V(Λ). For any map ϕ : Z → k, write L(ϕ)
for L(W(ϕ)).
Theorem. For any ϕ ∈ Exp, the g-module L(ϕ) is an irreducible subquotient of M(0).
Moreover, if k is algebraically closed, then any irreducible subquotient of M(0) is of the
form L(ϕ) for some ϕ ∈ Exp.
A function ϕ : Z → k is said to be exp-polynomial if there exists a non-negative integer n,
polynomials gi ∈ k[t] and scalars αi ∈ k, 1 6 i 6 n, such that
ϕ(k) =
n∑
i=1
gi(k)α
k
i , k ∈ Z.
In [2], it is shown that if ϕ : Z→ k is exp-polynomial, then the components of the g-module
L(ϕ) have finite dimension. It follows that if k is algebraically closed, then the components
of the irreducible subquotients of M(0) have finite dimension.
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2. The Canonical Quotient M(0)
The following preliminary result provides a description of the action of g upon M(0). Here,
and throughout, the use of a hat above a term indicates the omission of that term. The
subalgebra F is abelian, and so U(F ) may be identified with the infinite-rank polynomial
ring
k[ f(j) |j ∈ Z ].
Proposition 2.1. The following hold:
i. The g-module M(0) is generated by an element u0 such that the action of U(F ) on
u0 is free, whilst the actions of U(E ) and U(H ) are trivial.
ii. The g-module M(0) has a basis
(2.2) ∪n>0 {
∏
16i6n
f(γi)u0 | γ1 6 γ2 6 · · · 6 γn, γ ∈ Z
n }
iii. The action of g on M(0) is given by
f(k) ·
∏
16i6n
f(γi)u0 = f(k)
∏
16i6n
f(γi)u0,
h(k) ·
∏
16i6n
f(γi)u0 = −2
∑
16i6n
f(γ1) · · · f̂(γi) · · · f(γn)f(γi + k)u0,
e(k) ·
∏
16i6n
f(γi)u0 = −2
∑
16i<j6n
f(γ1) · · · f̂(γi) · · · f̂(γj) · · · f(γn)f(γi + γj + k)u0,
for all γ ∈ Zn, n > 0 and k ∈ Z.
Proof. Part (i) is clear, and part (ii) follows from part (i). To prove part (iii), we firstly
derive some commutation relations in U(g) before considering them in light of parts (i) and
(ii). If L is any Lie algebra and x ∈ L, then the adjoint map
adx : U(L)→ U(L), adx : y 7→ [x, y ] = xy − yx, y ∈ U(L),
is a derivation of the associative product of U(L). That is,
(2.3) [x,
∏
16i6n
yi ] =
∑
16i6n
y1 · · · yi−1[x, yi ]yi+1 · · · yn.
8
This formula yields immediately the commutation equation
[h(k),
∏
16i6n
f(γi)] = −2
∑
16i6n
f(γ1) · · · f̂(γi) · · · f(γn)f(γi + k)
for all γ ∈ Zn, n > 0 and k ∈ Z. Using formula 2.3 and substituting the above commutation
equation for h(k),
[e(k),
∏
16i6n
f(γi) ] = −2
∑
16i<j6n
f(γ1) · · · f̂(γi) · · · f̂(γj) · · · f(γr)f(γi + γj + k)
+
∑
16i6n
f(γ1) · · · f̂(γi) · · · f(γr)h(γi + k)
for all γ ∈ Zn, n > 0 and k ∈ Z. These formulae, in consideration of parts (i) and (ii),
immediately imply the formulae of part (iii), and completely describe the action of g on
M(0). 
Corollary 2.4. The g-module M(0) has layer decomposition
M(0) = ⊕n>0,
n∈Z
Mn,
where for any n > 0,
Mn = span {
∏
16i6n
f(χi)u0 | χ ∈ Z
n } .
Remark 2.5. It follows from Corollary 2.4 above, and Proposition 3.6 of [8], that the only
integrable subquotient of M(0) is the trivial one-dimensional g-module.
3. Symmetric Function Realization of the Layers
This section presents a realization of the H -module Mn as the graded regular module of
the symmetric Laurent polynomials in n variables. The realization allows the classification
of the irreducible quotients of the H -module Mn outlined in section 5.
Fix a positive integer n. The k-algebra An is Z-graded by total degree. The elementary
symmetric functions εi ∈ An, 1 6 i 6 n, are defined by the polynomial equation
(3.1)
n∏
i=1
(1 + zit) = 1 +
n∑
i=1
εi(z1, . . . , zn)t
i.
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Notice that εn = z1 · · · zn is invertible in An. For any k ∈ Z, let
p(k) = zk1 + · · ·+ z
k
n ∈ An,
denote the sum of k-powers of the indeterminates, and for any γ ∈ Zn, write
m(γ) =
1
n!
∑
σ∈Sym(n)
∏
16i6n
zγi
σ(i) ∈ An.
The symmetric polynomial m(γ) may alternatively be defined by
m(γ) =
1
n!
∑
σ∈Sym(n)
∏
16i6n
z
γσ(i)
i .
The set {m(γ) | γ ∈ Zn } spans the k-algebra An of symmetric Laurent polynomials.
Lemma 3.2. Let n > 0 and γ, χ ∈ Zn. Then
m(γ) ·m(χ) =
1
n!
∑
τ∈Sym(n)
m(γ + χτ ),
where χτ ∈ Z
n is given by (χτ )i = χτ(i), for all 1 6 i 6 n and τ ∈ Sym(n).
Proof. Let γ, χ ∈ Zn. Then
m(γ) ·m(χ) =
( 1
n!
)2 ∑
σ∈Sym(n)
∑
τ∈Sym(n)
∏
16i6n
z
γσ(i)+χτ(i)
i
=
( 1
n!
)2 ∑
σ∈Sym(n)
∑
τ∈Sym(n)
∏
16i6n
z
γσ(i)+χ(τ◦σ)(i)
i
(substituting τ ◦ σ for τ)
=
( 1
n!
)2 ∑
σ∈Sym(n)
∑
τ∈Sym(n)
∏
16i6n
z
(γ+χτ )σ(i)
i
(since χτ◦σ = (χτ )σ)
=
1
n!
∑
τ∈Sym(n)
m(γ + χτ )

Proposition 3.3. For any positive integer n:
i. The k-algebra An is generated by the set { εi | 1 6 i 6 n } ∪ { ε
−1
n }.
ii. The k-algebra An is generated by the set of power sums {p(k) | k ∈ Z }.
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Proof. Let
A+n = k[z1, . . . , zn]
Sym(n), A−n = k[z
−1
1 , . . . , z
−1
n ]
Sym(n).
Then
(3.4) An =
∑
k≥0
ε
−k
n ·A
+
n ,
and, in particular,
(3.5) An = A
−
n ·A
+
n .
Part (i) follows from the Fundamental Theorem of Symmetric Functions and equation 3.4,
while part (ii) follows from the Newton-Girard formulae and equation 3.5. 
Proposition 3.6. For any n > 0, the layerMn is a Z-gradedAn-module via linear extension
of
(3.7) m(γ) ·
∏
16i6n
f(χi)u0 =
1
n!
∑
σ∈Sym(n)
∏
16i6n
f(χi + γσ(i))u0, γ, χ ∈ Z
n,
with the Z-grading defined by
deg
∏
16i6n
f(χi)u0 =
∑
16i6n
χi, χ ∈ Z
n.
Proof. For any ε, γ, χ ∈ Zn,
m(ε) ·
(
m(γ) ·
∏
16i6n
f(χi)u0
)
=
( 1
n!
)2 ∑
σ∈Sym(n)
∑
τ∈Sym(n)
∏
16i6n
f(χi + εσ(i) + γτ(i))u0
=
1
n!
∑
τ∈Sym(n)
1
n!
∑
σ∈Sym(n)
∏
16i6n
f(χi + (ε+ γτ )σ(i))u0
(substituting τ ◦ σ for τ)
=
( 1
n!
∑
τ∈Sym(n)
m(ε+ γτ )
)
·
∏
16i6n
f(χi)u0
=
(
m(ε)m(γ)
)
·
∏
16i6n
f(χi)u0,
by Lemma 3.2. As the polynomials m(γ) span An, linear extension of 3.7 endows Mn with
the structure of a Z-graded An-module. 
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Theorem 3.8. Let n > 0. The action of U(H ) on Mn factors through an epimorphism
Ψ : U(H )։ An
of graded algebras defined by
Ψ : h(k) 7→ −2p(k), k ∈ Z.
That is, if ρ and ν denote the representations of U(H ) and An on Mn, respectively, then
the following diagram commutes:
U(H )
Ψ
// //
ρ
%%
K
K
K
K
K
K
K
K
K
An
ν

EndMn
Proof. The map Ψ is an algebra epimorphism by Proposition 3.3 part (ii). Let k ∈ Z, and
let ιk = (k, 0, . . . , 0) ∈ Z
n. Then
p(k) = nm(ιk).
It follows that, for any χ ∈ Zn,
p(k) ·
∏
16i6n
f(χi)u0 =
∑
16i6n
f(χ1) · · · f̂(χi) · · · f(χn)f(χi + k)u0
and so h(k)|Mn = Ψ(h(k))|Mn by Proposition 2.1 part (iii). 
Therefore, for n > 0, it is sufficient to consider Mn as a Z-graded An-module. Write A
reg
n
for the regular Z-graded An-module, i. e. for An considered as a Z-graded An-module under
multiplication.
Theorem 3.9. For any n > 0, the map
Θ :Mn → A
reg
n
defined by linear extension of
Θ :
∏
16i6n
f(χi)u0 7→m(χ), χ ∈ Z
n,
is an isomorphism of Z-graded An-modules.
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Proof. The map Θ is a bijection, by Proposition 2.1 part (ii). Let γ, χ ∈ Zn. Then
Θ
(
m(γ) ·
∏
16i6n
f(χi)u0
)
= Θ
( 1
n!
∑
σ∈Sym(n)
∏
16i6n
f(χi + γσ(i))u0
)
=
1
n!
∑
σ∈Sym(n)
m(χ+ γσ)
= m(γ) ·m(χ) (by Lemma 3.2)
= m(γ) ·Θ
( ∏
16i6n
f(χi)u0
)
.
Hence Θ is an isomorphism of Z-graded An-modules. 
Corollary 3.10. Let n > 0 and let v ∈ Mn be non-zero and homogeneous. Then U(H )v
and Mn are isomorphic as H -modules.
Proof. For n = 0, the statement is trivial. For n > 0, it is sufficient to employ Theorem 3.9,
and observe that the ring An is an integral domain. 
4. Singular Vectors
The existence of non-zero singular vectors is related to the degeneracy of the module M(0):
Proposition 4.1. Let n > 0. Then
i. The set of all singular vectors in Mn form an H -submodule.
ii. If v ∈Mn is non-zero and singular, then M(0) has a g-submodule beginning on layer
n. That is, if V = U(g)v, then V has layer decomposition
V = ⊕m>nVm, Vn 6= 0.
Proof. The set of all singular vectors in Mn clearly form a vector space. Now suppose that
v ∈Mn is singular. Then
e(k)(h(l)v) = 2e(k + l)v + h(l)e(k)v = 0,
for any k, l ∈ Z. Thus if v is singular, then so is h(l)v, for any l ∈ Z, and so the set of
singular vectors in Mn form an H -module, proving part (i).
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For part (ii), suppose again that v ∈Mn is a non-zero singular vector, and let V = U(g)v.
Then
V = U(g) · v = U(F )⊗ U(H ) · v ⊂ ⊕m>nMm,
since U(g) = U(F )⊗ U(H )⊗ U(E ). 
Theorem 4.2. For any n > 0 and χ ∈ Zn,
w(χ) =
∑
σ∈Sym(n)
sgn(σ)
∏
16i6n
f(χi + σ(i))u0 ∈Mn
is a singular vector.
Proof. Singularity may be demonstrated directly by applying the formula for the action of
e(k), k ∈ Z, of Proposition 2.1 part (iii). 
Lemma 4.3. For any n > 0, the symmetric function Ωn is equal to
∑
σ,τ∈Sym(n)
sgn(σ ◦ τ)
∏
16i6n
z
σ(i)+τ(i)−2
i
up to a change in sign.
Proof. Let Φn =
∑
σ∈Sym(n) sgn(σ)
∏
16i6n z
σ(i)
i . It is not difficult to demonstrate that
Φn|zi=zj = 0, 1 6 i < j 6 n,
and that Φn|zi = 0 for all 1 6 i 6 n. Hence Φn is equal up to sign to∏
16i6n
zi ·
∏
16i<j6n
(zi − zj),
by degree considerations. Therefore Ωn and
∏
16i6n
z−2i · Φ
2
n
are equal up to sign, from which the result follows. 
Theorem 4.4. For any n > 0,
Ωn ·Mn = span {w(χ) | χ ∈ Z
n } ,
and hence all elements of the non-zero H -submodule Ωn ·Mn are singular.
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Proof. Fix n > 0, and let
Wn = span {w(χ) | χ ∈ Z
n } .
The symmetric function realization of Theorem 3.9 may be used to demonstrate the inclusion
Wn ⊂ Ωn ·Mn. Let χ ∈ Z
n. Then
Θ(w(χ)) =
1
n!
∑
τ∈Sym(n)
∑
σ∈Sym(n)
sgn(σ)
∏
16i6n
z
χτ(i)+σ(τ(i))
i
=
1
n!
∑
τ∈Sym(n)
sgn(τ)
∑
σ∈Sym(n)
sgn(σ)
∏
16i6n
z
χτ(i)+σ(i)
i
(substituting σ ◦ τ−1 for σ)
=
1
n!
∑
τ∈Sym(n)
sgn(τ)Fτ ,
where, for any τ ∈ Sym(n),
Fτ =
∑
σ∈Sym(n)
sgn(σ)
∏
16i6n
z
χτ(i)+σ(i)
i .
It is not difficult to verify that
Fτ |zi=zj = 0, 1 6 i < j 6 n, τ ∈ Sym(n).
Therefore Θ(w(χ)) is divisible by Ωn in An. That is, Θ(w(χ)) ∈ Ωn · Mn, and hence
Wn ⊂ Ωn ·Mn.
Now let Λn = (
∏
16i6n z
2
i ) · Ωn. The factor
∏
16i6n z
2
i is invertible in An, and so
Ωn ·Mn = Λn ·Mn,
by Theorem 3.9. In particular, by Corollary 2.4,
Ωn ·Mn = span {Λn ·
∏
16i6n
f(χi)u0 | χ ∈ Z
n } .
By Lemma 4.3, the polynomial Λn is equal up to sign to
∑
σ,τ∈Sym(n)
sgn(σ ◦ τ)
∏
16i6n
z
σ(i)+τ(i)
i .
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Therefore, for any χ ∈ Zn,
Λn ·
∏
16i6n
f(χi)u0 =
1
n!
∑
ν∈Sym(n)
∑
σ,τ∈Sym(n)
sgn(σ ◦ τ)
∏
16i6n
f(χi + (σ ◦ ν)(i) + (τ ◦ ν)(i))u0
=
1
n!
∑
ν∈Sym(n)
∑
σ,τ∈Sym(n)
sgn(σ ◦ τ)
∏
16i6n
f(χi + σ(i) + τ(i))u0
(substituting σ ◦ ν−1 for σ and τ ◦ ν−1 for τ)
=
∑
σ∈Sym(n)
sgn(σ)
∑
τ∈Sym(n)
sgn(τ)
∏
16i6n
f(χi + σ(i) + τ(i))u0
=
∑
σ∈Sym(n)
sgn(σ)w(χ(σ)),
where χ(σ) ∈ Zn is given by
χ(σ)i = χi + σ(i), 1 6 i 6 n,
for all σ ∈ Sym(n). Hence Ωn ·Mn ⊂Wn. 
Conjecture 4.5. Let n > 0, and suppose that v ∈Mn is singular. Then v ∈ Ωn ·Mn.
5. Irreducible Quotients of the Layers
For any Z-graded k-algebra B, write B(k), k ∈ Z, for the graded components of B.
Proposition 5.1. Let n be a positive integer, and let B be a simple quotient of the graded
algebra An. Then B = F[t
±m] for some positive divisor m of n and finite algebraic field
extension F of k.
Proof. As εn = z1 · · · zn is invertible in An, it must be that B
(n) 6= 0. Let m be the minimal
positive integer such that B(m) 6= 0, and let u ∈ B(m) be non-zero. Then u is invertible, since
B is simple, and so multiplication by uk is a vector-space automorphism of B such that
B(l) → B(km+l), l ∈ Z.
In particular,
(5.2) B(km) = uk ·B(0), k ∈ Z.
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Suppose that B(l) 6= 0, for some l ∈ Z, and let q, r be the unique integers such that
l = qm+ r, 0 6 r < m.
Then
0 6= u−qm · B(l) = B(r),
and so r = 0 by the minimality of m. Hence
B = ⊕k∈ZB
(km),
and in particular m must be a divisor of n. Moreover, by 5.2,
B ∼= B(0) ⊗k k[t
±1]
via uk 7→ tkm, k ∈ Z. As An is finitely generated, by Proposition 3.3 part (i), so is the
k-algebra A
(0)
n . Hence B(0) is a finite algebraic field extension of k (see, for example, [1],
Proposition 7.9). 
Proposition 5.3. Let n be a positive integer, and suppose that ζ : An → k is a non-zero
algebra homomorphism. Then there exist scalars α1, . . . , αn, all non-zero and algebraic over
k, such that
ζ(p(k)) =
n∑
i=1
αki , k ∈ Z.
Proof. Suppose that ζ : An → k is a non-zero homomorphism, and let
g(t) = 1 +
n∑
i=1
ζ(εi)t
i ∈ k[t].
As εn = z1 · · · zn is invertible in An, it must be that ζ(εn) 6= 0. Let α1, . . . αn be some
iteration of the scalars defined by
g(t) =
n∏
i=1
(1 + αit).
Then by equation 3.1,
(5.4) ζ(εi) = εi(α1, . . . , αn), 1 6 i 6 n.
The αi are necessarily non-zero since
α1 · · ·αn = εn(α1, . . . , αn) = ζ(εn) 6= 0.
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By Proposition 3.3 part (i), there is a unique algebra homomorphism with the property 5.4,
namely the restriction of the evaluation map
zi 7→ αi, 1 6 i 6 n.
In particular, ζ(p(k)) =
∑n
i=1 α
k
i , for all k ∈ Z. 
Theorem 5.5. For any non-negative integer n and ϕ ∈ Expn, the H -module W(ϕ) is an
irreducible quotient of the H -module Mn. Moreover, if k is algebraically closed, then any
irreducible quotient of the H -module Mn is of the form W(ϕ) for some ϕ ∈ Expn.
Proof. The statement is trivial for n = 0, so suppose that n is a positive integer. Let
ϕ ∈ Expn, and let α1, . . . αn ∈ k be non-zero scalars such that
ϕ(k) = −2
n∑
i=1
αki , k ∈ Z.
Define
η = ηα1,...,αn : k[z
±1
1 , . . . , z
±1
n ]→ k[t
±1]
by extension of zi 7→ αit, 1 6 i 6 n. Then
η|An : An → im η|An ⊂ k[t
±1]
is a homomorphism of graded algebras, and so im η|An may be considered as an An-module,
and as a quotient of the regular An-module A
reg
n . Therefore im η|An is a quotient of the An-
module Mn, by Theorem 3.9. Now im η|An is an H -module via the map Ψ : U(H ) → An
of Theorem 3.8. For any k ∈ Z,
(η|An ◦Ψ)(h(k)) = −2η|An(p(k))
= −2
n∑
i=1
αki t
k
= ϕ˜(h(k)),
where ϕ˜ : U(H) → k[t±1] is defined by 1.2. Hence im η|An
∼= W(ϕ) as H -modules, and so
W(ϕ) is a quotient of the H -module Mn. It is not too difficult to verify that W(ϕ) is an
irreducible H -module for any ϕ ∈ Exp.
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Now suppose that k is algebraically closed, and that Γ is an irreducible quotient of the H -
module Mn. By Theorems 3.8 and 3.9, Γ is an An-module, and a quotient of A
reg
n . Hence
there exists a simple quotient B of the graded algebra An
η : An ։ B,
such that B ∼= Γ as An-modules, when B is considered as an An-module via the algebra
epimorphism η. Moreover, by Proposition 5.1, B = k[t±m] for some positive divisor m of n.
Let ζ : An → k be given by
η(x) = ζ(x)tdegx,
for all homogeneous x ∈ An. Then ζ is a non-zero algebra homomorphism, and so by
Proposition 5.3 there exist non-zero scalars α1, . . . , αn ∈ k such that
η(p(k)) = ζ(p(k))tk =
n∑
i=1
αki t
k, k ∈ Z.
Therefore Γ ∼=W(ϕ), where
ϕ : Z → k, ϕ(k) = −2
n∑
i=1
αki , k ∈ Z,
by Theorem 3.8. 
6. Irreducible Subquotients of M(0)
A layer Λ of a weight g-module N is said to be a generative highest layer if
U(g) · Λ = N, and E · Λ = 0.
Any two generative highest layers of N must coincide, and so we may speak of the generative
highest layer, if one exists. For any weight H -module Λ, write V(Λ) for the induced g-
module with generative highest layer Λ, i. e.
V(Λ) = Indg
H +E Λ, where E · Λ = 0.
Proposition 6.1. Let Λ be a weight H -module. Then the g-module V(Λ) has a unique
maximal submodule that has trivial intersection with Λ.
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Proof. Let λ ∈ k be such that h(0)|Λ = −2λ. Then V(Λ) has layer decomposition
V(Λ) = ⊕n>0V(Λ)λ+n,
and V(Λ)λ = Λ. If N ⊂ V(Λ) is a g-submodule that has trivial intersection with Λ, then
N ⊂ ⊕n>0V(Λ)λ+n.
Hence the same is true of the sum of all such g-submodules. This sum is itself a g-submodule,
and its maximality and uniqueness follow from construction. 
For any weight H -module Λ, denote by L(Λ) the quotient of V(Λ) by its unique maximal
submodule that has trivial intersection with Λ. Hence L(Λ) is an irreducible g-module if Λ is
an irreducible H -module. The modules V(Λ) and L(Λ) are universal and final, respectively,
in the following sense.
Proposition 6.2. Let N denote a weight g-module with generative highest layer Γ, and let
Λ denote a weight H -module. Then:
i. Any epimorphism of H -modules Λ ։ Γ extends uniquely to an epimorphism of
g-modules
V(Λ)։ N ;
ii. Any epimorphism of H -modules Γ ։ Λ extends uniquely to an epimorphism of
g-modules
N ։ L(Λ).
For any function ϕ : Z → k, write L(ϕ) for the g-module L(W(ϕ)).
Proposition 6.3. [3] For any two functions ϕ, ψ : Z→ k, the g-modules L(ϕ) and L(ψ) are
isomorphic if and only if there exists a non-zero λ ∈ k such that
ϕ(k) = λkψ(k), k ∈ Z.
Proposition 6.4. Let N denote an irreducible subquotient of the g-module M(0). Then:
i. There exists a non-negative integer n such that Nn is the generative highest layer of
N ;
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ii. The layer Nn is an irreducible subquotient of the H -module Mn;
iii. The g-modules N and L(Nn) are canonically isomorphic.
Proof. As N is a subquotient of M(0), it has layer decomposition
N = ⊕n>0Nn.
Let n > 0 be minimal such that Nn 6= 0. Then E ·Nn = 0 since Nn−1 = 0, and N = U(g)Nn
since N is irreducible. Hence Nn is the generative highest layer of N , proving part (i).
Now let P ′ ⊂ P be g-submodules of M(0) such that N = P/P ′. Then Nl = Pl/P
′
l , for
all l > 0, and in particular Nn is a subquotient of the H -module Mn. Suppose that Nn
is a reducible H -module, and let Λ ⊂ Nn denote a proper submodule. By the Poincare´-
Birkhoff-Witt Theorem,
U(g)Λ = U(F )⊗U(H )⊗ U(E )Λ
= U(F )Λ,
and so Nn 6⊂ U(g)Λ. Hence U(g)Λ is a proper g-submodule of N , contrary to hypothesis.
Therefore Nn is an irreducible H -module, and so part (ii) is proven.
The g-module N has generative highest layer Nn, and so by Proposition 6.2 there is an
epimorphism of g-modules
N ։ L(Nn).
As N is irreducible, this map is an isomorphism, and so part (iii) is proven. 
Theorem 6.5. For any ϕ ∈ Exp, the g-module L(ϕ) is an irreducible subquotient of M(0).
Moreover, if k is algebraically closed, then any irreducible subquotient ofM(0) is of the form
L(ϕ) for some ϕ ∈ Exp.
Proof. Let n be a positive integer, and let ϕ ∈ Expn. Theorem 4.4 guarantees the existence of
a non-zero singular vector v ∈Mn. The H -module U(H )v contains only singular vectors,
and is isomorphic to Mn, by Corollary 3.10. Let P = U(g)v. By the Poincare´-Birkhoff-Witt
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Theorem,
U(g) · v = U(F )⊗U(H )⊗ U(E ) · v
= U(F )⊗U(H ) · v
as vector spaces. Therefore P = ⊕l>nPl and P is a g-submodule of M(0) with generative
highest layer Pn = U(H )v ∼= Mn. Hence, by Theorem 5.5, there is an epimorphism of
H -modules
Pn ։W(ϕ),
which by Proposition 6.2 extends to an epimorphism of g-modules
P ։ L(ϕ).
Thus L(ϕ) is an irreducible subquotient of M(0).
Now suppose that k is algebraically closed, and that N is an irreducible subquotient ofM(0).
Then by Proposition 6.4, there exists n ≥ 0 such that
i. Nn is the generative highest layer of N ;
ii. Nn is an irreducible subquotient of the H -module Mn;
iii. L(Nn) ∼= N .
By Theorem 5.5, there exists a ϕ ∈ Expn such that Nn
∼=W(ϕ) as H -modules, and so
N ∼= L(Nn) ∼= L(ϕ),
which completes the proof of the Theorem. 
The following Corollary is immediate from [2] and the observation that Exp is a family of
exp-polynomial functions.
Corollary 6.6. Suppose that k is algebraically closed. Then the components of any irre-
ducible subquotient of M(0) have finite dimension.
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